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Abstract

Measure equivalence was introduced by Gromov as a measured analogue of quasi-
isometry. Unlike the latter, measure equivalence does not preserve the large scale geometry
of groups and happens to be very flexible in the amenable world. Indeed the Ornstein-
Weiss theorem shows that all infinite countable amenable groups are measure equivalent
to the group of integers.

To refine this equivalence relation and make it responsive to geometry, Delabie, Koivisto,
Le Mairtre and Tessera introduced a quantitative version of measure cquivaiencc. Tiicy also
defined a relaxed version of this notion called “quantitative measure subgroup coupling”.

In this article we offer to answer the inverse problem of the quantification (find a
group admitting a measure subgroup coupiing with a prescribed group with prescribed

quantification) in the case of the lamplighter group.
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1 Introduction

1 Introduction

A recurring theme in group theory is the description of large-scale behaviour of groups and
their geometry. A well known example is the study of groups up to quasi-isometry: it describes
the large-scale (or “coarse”) geometry from the metric point of view. A measure analogue of quasi-
isometry — called measure equivaience — was introduced by Gromov in [GNR93]. Two groups
G and H are measure equivalent if they both act freely and measure preservingly on a standard
measure space (€, m), such that each action admits a fundamental domain of finite measure.
A first elementary illustration of measure equivaient groups is given by lattices in 2 common
locaily compact group. We refer to [Gab10, Furll] for surveys on the topic.

In some cases, measure equivalence can show remarkable rigidity properties. For instance
Furman proved [Fur99] that any countable group which is measure equivalent to a lattice in
a simple Lie group G of higher rank, is commensurable (up to finite kernel) to a lattice in G.
More recently Guirardel and Horbez [GH21] showed that for n > 3, any countable group
that is measure equivalent to Out(F,) is Virtuaiiy isomorphic to Out(Fy). On the contrary,
completely opposite to the aforementioned results, a famous theorem of Ornstein and Weiss
[OW80] irnplics that all amenable groups are measure Cquivaicnt. In particuiar — unlike quasi-
isometry — measure Cquivalcncc does not preserve coarse geometric invariants.

To overcome this issue it is therefore natural to look for some refinements of this equiva-
lence notion. We focus here on the quantiative version as introduced by Delabie, Koivisto, Le
Maitre and Tessera [DKLMT22].

1.1  Quantitative measure couplings

Let G and H be two groups that are measure equivalent over a measure space (€, m), and
denote by Xq (resp. Xypy) the fundamental domains associated to the actions. In this case we

wn

have natural actions of G on Xjy, and H on X, both denoted by “” where for a.e. x € Xy and
all g € G, we define g+ x to be the unique element of H * g*x contained in Xy (see also Figure 5,
page 12 for an illustration). The action of H on X is defined analogously. The Corresponding

cocycles o : G x Xy — Hand f: H x X — G are defined by

alg,x)=h< h-(g-x)eXy and Bhx)=geg-(h-x eXe. (1.1)

When x = a(g,x) and x = B(h,x) are LP for all g € G and h € H, we say that the groups are
LP-measure equivalent.

This refinement allowed for example Bader, Furman and Sauer [BFSI3] to obtain a new
rigidity result: they showed that any group L measure cquivaient to a lattice in SO(n, 1) for
some n > 2 is virtually a lattice in SO(n, 1). It also lead Bowen to prove, in the appendix of
[Aus16], that volume growth was invariant under L. measure equivalence. Delabie, Koivisto, Le
Maitre and Tessera offered in [DKLMT22] to extend this quantification to a family of functions
larger than {x —= xP| p € [0, +00]}. They also defined a relaxed version of measure equivalence
called measure subgroup coupling and showed the monotonicity of the isoperimetric profile under

quantitative measure subgroup coupiings. A statement we make precise below.

Quantitative measure subgroup couplings Let G = (Sg) and H = (Syy) be two finitely gen-
erated groups. A measure subgroup coupling from G to H is a triple (€, m, Xjy) such that:
- (Q, m) is a standard measure space Cquippcd with commurting measure-preserving free

actions of G and H;



1 Introduction

« the G-action on Q admits a Borel fundamental domain;

« Xyq is a Borel fundamental domain of finite measure for the action of H on Q.
Such couplings arise naturally from coarse embeddings (see Example 3.2, page 11 and Theo-
rem 3.6, page 13) Remark that when (€, m, Xjy) is a measure subroup coupling, one can define
the corresponding cocycle o as in Equation (1.1). We refer to Section 3.1 for more details on
these couplings.

Now let @ : R, — R, be anon-decreasing map. We say that the measure subgroup coupling

(Q, m, XH) is (p—integrable if the Cocycie xis (p—integrable, namely if there exists some constant

¢ > O such thatx — @ (\O((g, x) S(’;) is integrable on Xj. We refer to Remark 3.5, page 13 for

the definition of’ quantitative measure Cquivalencc.

Monotonicity of the isoperimetric profile Let G be a group generated by a finite set S. If
A C G we will denote y 0gA the S-boundary of A, namely the set of elements g € A for which

there exists s € S such that as ¢ A. We will also denote by |g|s the word length of an element
1

g € G. Recall that the isoperimetric profile of G is defined as

Al

IG(]’]) = sup m

|Al<n
Remark that due to the Folner criterion, a group is amenable if and oniy if its isoperimet-
Tic proﬁie is unbounded. Hence we can see the isoperimetric proﬁle as a way to measure the
amenability of a group: the faster Ig tends to iniinity, the more amenable G is. For exam-
ple the isoperimetric profile of Z verifies Iz(n) ~ n while the profile of a lamplighter group
G = Z|mZ Z verifies Ig(n) =~ log(n).

Finally, letk € N. We say that a measure subgroup coupling (Q, m, Xjy) is at most k-to-one
if for every x € Xy the map g — g’l * (g-x) has pre-images of size at most m. Delabie, Koivisto,
Le Maitre and Tessera showed [DKLMT22, Theorem 4.4] that if

« @ and t = t/@(t) are two non-decreasing maps from R to itself;

« and there exists an at most k-to-one @-integrable measure subgroup coupling from G to

H, for some k € N;
then @ o Iy < 1.

In [BZ21] Brieussel and Zheng managed to construct amenable groups with preseribed
isoperimetric profiic. Considcring the monotonicity of the isoperimetric proiile, the result
of Brieussel and thng thus triggers a new question: instead of trying to quantify the measure
equivalence relation between two given groups, can one find a group that is measure equivalent

to a prescribed group with a prescribed quantification?

1.2 Background on the inverse problem

The famil_v of amenable groups being quite 1arge, the evaluation of its diversity is at the heart of
numerous works. To do so, one can rely for example on geometric quantities — such as volume
growth or the isoperimetric proﬁie —or probabi]istic data — such as entropy or return proba—
biiity of random walks. In order to quantii:v this diversity7 several results have been focusing
on inverse problems namely, given a prcscribed behaviour, does there exist a group having such

behaviour?

'We chose to adopt the convention of [DKLMT22]. Note that in [BZ21], the isoperimetric profile is defined as

A =1/1g.
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In the case of volume growth for Cxampic, the question of the existence of a group with in-
termediate growth has been solved by Grigorchuk [Gri85]. Later on, Bartholdi and Erschler ex-
hibited uncountably many groups with intermediate growth [BE14, BE12]. Another illustration
is the striking work of Bricussel and Zheng [BZ21], answering the inverse problem for a large
family of quantities, such as the isoperimetric profile, entropy, or equivariant LP-compression.

The inverse problem of the quantification (that we formalise below) can be seen as a way

to quantify the diversity of amenable groups, from the ergodic point of view.

If't and g are two non—dccrcasing real functions, write f < g if there exists some constant
C > 0 such that f(x) = O(g(CX)) as x tends to infinity. We write f o~ gif f S gand g < f.
Question 1.1 (Inverse Problem). Given a group H and a non-decreasing function @, does there
exist a group G such that:

« there exists a @-integrable measure subgroup coupling from G to H;

- and this quantification is optimal, that is to say such that any other @’-integrable cou-

pling verifies @’ < @?

Note that the monotonicity of the isoperimetric proﬁic recalled above (see page 3) providcs
us with an upper bound to the possibic optimai intcgrabiiity. For cxampic when H = Z, we
obrain that if there exists a (p—integrabie measure sugroup coupiing from G to H, then @ < Ig.

More generally, for any group H the question can be rephrased as follows.

Question 1.2. Given a group H and a non-decreasing function @, does there exist a group G
such that I ~ @ o Iy, and such that there exists a (p—integrabie measure subgroup Coupiing
from G to H?

Rciying on Bricussci—thng groups, we tackled these questions in [Esc24] for H = Z. This

article studies the case when H is a 1ampiightcr group.

1.3 Main result

The main resule of this article is Theorem 1.3 below, which studies the inverse problem for a
coupling with a lamplighter group.

To prove it, we rely on the diagonal products of lamplighter groups defined by Brieussel
and thng [BZ21], providing groups with prcscribed isoperimetric proﬁic. Such groups can
be defined for profiles of the form I ~ p o log where p belongs to the following family of

functions:

= S+ 1+
C {p [1,+00) = [1,+00) p and x — x/p(x) non-decreasing

p continuous, }

Theorem 1.3
Letm > 2 be an integer and let Ly, = (Z/mZ) ! Z. For all p € @ there exists a group G
such that

- Ig ~ pologand,

« there exists an at most 1-to-one measure subgroup coupling from G to Ly, which is

plf‘c'—imegrabie forall € > 0.

Note that the lamplighter group Ly, verifies I~ log. By monotonicity of the profile
(see page 3), if there exists an at most k-to-one @-integrable measure sugroup coupling from
G to Ly, then @ olog < I = p o log. Namely @ has to grow slower than p. Therefore, the

integrability of the coupiirlg given by Theorem 1.3 is almost optimai.
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Structure of the paper and strategy of the proof  The next two sections present the tools we
use to build our couplings. In Section 2 we introduce the necessary material on Bricussel-Zheng
diagonal products ; background on measure couplings are recalled in Section 3. The coupling
is then build in Section 4 and relies on the criterion given in Theorem 3.9, page 14.

The strategy is the following: given a quantification p € € we chose G to be a diagonal
product with isoperimetric profile I ~ p o log. The goal is then to verify the conditions of
Theorem 3.9, namely to define sofic approximations (Gy)y and (Fy,)y, in respectively G and H,
then injections 4y : Gy — H,, such that i, respects the geometry (see Equation (3.1), page 14
for the precise statement).

The appropriate sofic approximations in both G and H are defined in Section 4.1. We then
define the injections t, between them and show that these injections respect the geometry in

Section 4.2.
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2 Background on diagonal products

In order for this article to be self contained, we recall necessary material from [RBZ21] concern-
ing the definition of Bricussd—Zheng diagonal products: we give the definition of such a group,
recall some results concerning the range (see Definition 2.5) of an element. Finally we present
in Section 2.3 the tools needed to recover such a diagonal product starting with a prcscribcd

isoperimetric profllc.

2.1 Definition of diagonal products

Recall that the wreath product of a group G with Z, denoted by G Z, is defined as
GlZ = DPmezG X Z.

An element of G Z is a pair (f, t) where f is a map from Z to G with finite support and ¢
belongs to Z. We refer to f as the lamp configuration and t as the cursor. Finally we denote by

supp(f) the support of f which is defined as supp(f) = {X c€Z|fkx) 7/6(;}.

General definition Let A and B be two fiite groups. Let (I'm),eN be a sequence of finite
groups such that each I, admits a generating set of the form Ay, U By, where Ay, and By, are
finite subgroups of Iy, isomorphic respectively to A and B. For a € A we denote ap, the copy

of ain Ay, and simﬂarly for Bpy.
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Finally let (ky),en be a sequence of integers such that ky,,; > 2ky, for all m. We define
Am =T 1 Z and endow it with the generating set

S, = {640} U {(an80,0) 2 € An } U{ (b, 0) b € Ap ).

Definition 2.1 ([BZ21])

The diagonal product associated to the sequences (I'y) e and (k) e, is the subgroup
Aof (Hm rm) L Z generated by

$a = {((9),,1) } U { (@80 0) [2 € A} U{ (b8, ), 0) Ib € B}

The group A is uniquely determined by the sequences (I, en and (k) en. Let us give
an illustration of what an element in such a group looks like. We will denote by g the sequence

(grn)‘mEN'

Example 2.2. We represent in Figure 1 the element (g, t) of A verifying

(g, t) = ((gm)meI\L t) = ((3m6())n17 0) ((bmékm)m, 0) (O, 3)7

when ky, = 2™. The cursor is represented by the blue arrow at the bottom of the figure. The
only value of g, different from the identity is g,(0) = (ag,bg). Now if m > 0 then the only

values of g different from the identity are g (0) = ay, and g (kyy) = by,

gn an ‘ b,‘
1
92 az ‘ by :
g1 aj by | :
‘ I
9o (Clo,bo) | ! :
I x l x | l N
ST, o

Cursor

Figure 1: Representation of (g, t) = ((amé())m, O) ((bmékm)m, 0) (0,3) when kyy, = 2™,

Relative commutators subgroups  Forallm € Nlet 0y, : Ty = (([Am, Bm))\Tm ~ A X By
be the natural projection. Let 9?1 and 921 denote the composition of 0y, with the projection
to Ap and By, respectively. Now let m € N and define Iy, == ({[Am, Bml))- If (g, t) belongs
to A, then there exists a unique gfh - 7 — T, such that g, (x) = gin(x)em (gm(x)) for all
x € Z.

Example 2.3. Let (g, 3) be the element described in Figure 1. Then the only non-trivial value
of Bp(gy) is O(gy(0)) = (ag,bp). If m > 0 then the only non trivial values of 0y,(g,,) are
Om(g,,(0) = (am, €) and O (g, (ki) = (e, bm). Finally for all m we have g/ = e since there are

no commutators appearing in the decomposition of (g, 0).

6



2 Background on diagonal products

Example 2.4. Assume that ky, = 2™ for all m € N*| and consider first the element (f,0) of A
defined by (f,0) = (0, fkl)((améo)m, O)(O, k1). Now define the commutator

(g, 0) = (ﬁ 0) . ((bmékm)mv O) : (ﬁ O)_l : ((b]_nl 6km)m7 0)

and let us describe the values taken by g and the induced maps Gm(gm) and gfn (see Figure 2 for
a representation of g). The only non-trivial commutator appearing in the values taken by g is
gl(k]) which is Cqual to alb]qub]_l. In other words g = €, thus 8 = e. Moreover when m = 1
we have 0] = e and the only value of g{ (x) different from e is g’l (ky) = alblaflb]_] (on a blue

background in Figure 2). Finally if m > 1 then g trivial thus 0, = e and gfn =e.

g2 aza; T—e bab; I—e
g1 a]b|a]*1blf1
90 ((10‘10 ',bpl\\ D)
N U i U
(ee)
I | | | |
Lo F e =2 I3 e, =4

?

Cursor

Figure 2: Representation of (g, 0) defined in Example 2.4

The expanders case  In the proof of our main theorem, we will restrict ourselves to a particular
familiy of groups (Ny) e called expanders. Recall that (), is said to be a sequence of
expanders if the sequence of diameters (diam (Iy)) e is unbounded and if there exists ¢ > 0
such that for all m € N and all n < |I7y,|/2 the isoperimetric profile verifies Ip () < cp.

Now, consider a family (I'y) e of expanders. Assume that there exists ¢ > 0 such that for
all 1 > 1 chere exists Ty verifying that diam (Fp(l)) o~ | . We can thus define a “parametriza-
tion” by fixing a map | — Ty,). Consider now two non-decreasing sequences (km)pen and
(Im)menN of real numbers greater than 1 and denote by A the diagonal product associated
to (Ny(, ) men and (km)men. Then A is uniquely determined by the data of (Im)pen and
(km)men. In what follows, we will abuse notations and denote Iy, instead of Tyy(j ). Moreover
we will always make the following assumptions when talking about diagonal products. We refer

to [BZ21, Examplc 23] for an cxplicit Cxamplc ofdiagonal product Vcrifying (H).

Hypothescs (H)
1. q:=|A><B|:6;
2. k() =0 and ro = Ao X B();
3. k 2 3 and (ky),en* is a sub-sequence of (k") en;
4. A =2 and (Iy),en is a sub-sequence of (A"),en;
5. (M) meN is a sequence of expanders such that I}, is a quotient of A % B and
there exists ¢; > 0 such that diam (Tyn) < ¢l for all m € N;
6. the natural quotient map Ay X By — (([Am, Bm]))\In is an isomorphism,

where ({[Am, Bm])) = T is the normal closure of [Am, By

Recall (see [BZ21, page 9]) that in this case there exist ¢1, ¢p > 0 such that, for all m

clm = < In Myl < ¢l + . (2.1
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Finally, we adopt the convention of [BZ21, Notation 2.2] and allow ky, to take the value +oo.
In this case A, is the trivial group. In particular when k; = +o00 the diagonal product A
corresponds to the usual lamplighter group (A x B) 1 Z.

2.2 Range of an element

In this section we recall the notion of range of an element (g, t) in A. We denote by mp : A = Z

the projection on the second factor, ie. the map that sends (f, t) € A to the value of its cursor t.

Definition 2.5

Ifw =s]...8m is a word over Sp we define its range as

range(w) := ¢ 70 HS] ci=0,....,n

The range is a finite subinterval of Z. It represents the set of sites visited by the cursor. We

refer to Example 2.8 for an illustration.

Definition 2.6

The range of an element (f, t) € A is defined as the minimal diameter interval obtained as

the range of a word over Sp representing (f o).

In what follows we will consider elements that can be written as a word with range in an interval
of the form [0, n], where n belongs to N. Therefore, when there is no ambiguity we will denote
range(d) this interval, namely range(8) = [0,n]. For all n € N we denote by [(n) the integer

such that ky,) < n < ky(y),;. Let us now recall a useful fact proved in [BZ21].

Claim 2.7 ([BZ21, Fact 2.9]). An element (g, ) € Alis uniqucly determined by g g and the

/
sequence (gm)mé [(range(g,0))-

Example 2.8. Let (g,0) € A such that range(g, 0) = [0, 6], that is to say: the cursor can only
visit sites between 0 and 6. Then the map g can “write” elements of A, only on sites visited
by the cursor, that is to say from 0 to 6, and it can write elements of By, only from ky, to 6+ k.
Thus g is supported on [0, 6], since ko = 0. Moreover, commutators (and hence elements of
I".) can only appear between kyy, and 6. Thus supp(g:n) C [kp, 6] Such a (g, 0) is represented
in Figure 3, page 9 for ky, = 2™.

Finally, the element (g, 0) is uniquely determined by the data g, (that is to say, the values
read in the bottom line) and the values of g{ for i = 1,2 (namely, the value taken in the blue

area). Figure 4, page 9 represents the aforementioned characterizing data.

23  From the isoperimetric proﬁle to the group

We saw how to define a diagonal product from two sequences (ky)m and (Iy)m. In this section
we recall the definition given in [BZ21, Appendice B] of a diagonal product from its isoperi-

metric profile. We conclude on some useful results concerning the metric of these groups.

Definition of A Recall that in the particular case of expanders (see Section 2.1) a diagonal
product A is uniquely determined by the sequences (kp)nen and (In)men (Where 1y corre-

sponds to the diameter of Tyy). Thus, starting from a prescribed function I, the goal is to define
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9gm(x) belongs to...

B - 0 4 B . 0 5

0" ‘ ‘

Figure 3: An element of A

Recall that g : Z — Ty, It m < [(6), then g, (x) belongs to Ay, if x € [0, kyy — 1], it belongs to Ty, if
x € [k, 6] and to By, if x € [7,6 + ki | and equals e elsewhere. If m > [(6) then g (x) belongs to Ay, if
x € [0,6] and to By, if x € [km, 6 + k] and equals e elsewhere.

g

90

0 k4 k2 7

Figure 4: Data needed to characterized g such that range(g) C [0, 6] when ky, = 2™

sequences (k) pen and (Inm) e such that the corresponding A verifies Io ~ 1. Bricussel and
Zheng’s construction of diagonal products is possible when the profile T'is of the form I ~ polog
where p belongs to the following set €,

C .= {p (1, +00) — [1, +00)

p continue,
p and x — x/p(x)non-decreasing | -

Equivalently this is the set of functions p satisfying

Vx,e 2 1) px) < plex) < cpx). (2.2)

So let p € €. Combining [BZ21, Proposition B.2 and Theorem 4.6] leads the following propo-
sition (remember that with our convention the isoperimetric profile considered in [BZ21] cor-

responds to 1/Tp).

Proposition 2.9

Let K,A = 2. For any p € C there exists a subsequence (ky),en+ of (k") ey and a
subsequence (Iy) e of (A") ,en such that the group A defined in Section 2.1 verifies Ip ~
p o log.

Example 2.10 ([BZ21, Example 4.5]). Let & > 0. If p(x) := ) (hen the diagonal product A
defined by kyy = k™ and 1y, = kK*™ verifies [p ~ p o log.
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m
verifies

Example 2.11. If p = log then the diagonal product Z defined by kyy, = k™ and 1, = KK
Ipo ~ pologolog.

Recall that we allow k;;, to take the value +0o (see below Equation (2.1).

Example 2.12. If p(x) = x then the diagonal product defined by Iy, = 1 for all m and ky, = +00
for all m > 1 verifies A = (A X B)1Z and Ip ~ log.

Technical tools Now let us recall che intermediary functions defined in [RZ21, Appendix B]
and some of their properties.

Let p € €. The construction of a group corresponding to the given isoperimetric profile
pologis based on the approximation of p by a piecewise linear function p. For the quantification
of our measure coupling, many of our computations will use p and some of its properties. We

recall below all the needed results, beginning with the definition of p.

Lemma 2.13
Let p € C. Let (ky)m and (Iy)m given by Proposition 2.9 and A be the corresponding
diagonal product. The function p defined by

()(x) =

x/lm  ifx € [km]m,]<m+1]m],
km+1 ifx € [km+11mv 1‘:m+11m+l]7

verifies p ~ p.

Example 2.14. If p(x) = x then |y = 1 for all m and ky,, = +oo for all m > 1.
In this case A = (A x B)1 Z.

3 Preliminaries on measure couplings

This section recalls some material from [DKLMT22, Section 2]. We start with general defini-
tion on measure equiva]ence and measure subgroup couplings, then turn to their quantitative
version. Finally we present the two couphngs building tcchniques that we use, in order to show

our main theorem.

31 Measure coup]ings

A standard Borel space (Q, B(Q)) is a measurable space whose o-algebra B(Q) consists of the
the Borel subsets coming from some Polish (separable and completely metrisable) topology on
Q. A standard measure space (QQ,m) is a standard Borel space (Q,B(Q))) cquippcd with a
non-zero O-finite measure m.

A measure-preserving action of a discrete countable group G on a measured space (Q, m) is
an action of G on € such that the map sending (g, x) to g*x is a Borel map and m(E) = m(g*E)
for all E C B(X) and all g € G. We will say that a measure-preserving action of G on (Q, m) is
free, if for almost every x € X we have g * x = x if and only if g = e. A fundamental domain
for an action of G on (), m) is a Borel subset X C Q) which intersects almost every G-orbit
at exactly one point: in other words, there is a full measure G-invariant Borel set Q* C Q) such

that for all x € QF, the intersection Orbg(x) N X is a singleton.

Let G and H be two countable groups. Following the terminology of [DKLMT22]; we call
a measure equivalence coupling from G to H a quadruple (Q, X, Xy, m) such that G and H

10
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both act freely and measure preservingly on the standard measure space (Q, m), and X and
Xy are fundamental domains of finite measure for the G- and the H-action on Q, respectively.

An elementary example of measure equivalence coupling is given by considering a countable
group G endowed with the counting measure m, taking G = H and as actions the left and right
translations of G on itself: The corresponding coupling is then (G, {eg}, {ec}, m).

When G is an infinite subgroup of H, however, the (left) action by translation of G on H
does not admit any fundamental domain of finite measure. This is why Delabie, Koivisto, Le
Matitre et Tessera introduced the notion of measure subgroup coupling, relaxing the condition on

the fundamental domain of the G-action.

Definition 3.1 ([DKLMT22, Def. 2.4])

Let G and H be two countable groups. A measure subgroup coupling from G to H is a
triple (Q, Xy, m) such that:
- (Q, m) is a standard measure space equipped with commuting measure-preserving
free actions of G and H;

- and the G-action on Q admits a Borel fundamental domain;

. and Xy is a Borel fundamental domain of finite measure for the action of H on Q.

Remark that a measure equivalence coupling (Q, X, Xy, m) from G to H induces two measure
subgroup couplings, namely (Q, Xjj, m) from G to H and (Q, X, m) from H to G. Also, as
suggested above, when G is a subgroup of H, a measure subgroup coupling grom G to H is
given by (H, {ef1}, m), where m denotes again the counting measure, and G acts on H by left
translation, and H on itselfby righr translation.

We saw that two lattices in a common locally compact group are measure equivalent. Anal-
ogously, another examplc of measure subgroup coupling is given by eonsidering Ga locally
compact group endowed with a Haar measure m, then taking G < G to be a discrete group and
H < G to be alattice. Letting G and H act respectively by left and right translations on G, and
denoting by Xy a fundamental domain for the H-action then produces the triple (G, Xjy, m)
which is a measure subgroup coupling from G to H.

Finally7 let k € N. We say that a measure subgroup coupling (Q, X4q, m) from G to H is at
most k-to-one if for every x € Xjj the map g — g’l * (g - x) has pre-images of size at most m.

Such couplings arise naturally from coarse embeddings.

Example 3.2 (Coarse embeddings and regular rnaps). A map f:G —=>Hisa regular map if it
is Lipschitz and verifies SUPp e |f‘_1({h})| < +00. Coarse embeddings, for example, are regular
maps. Recall that a coarse embedding is a map f: G — H such that there exists two proper

non-decreasing functions p_, p. : R, — R, verifying for all g, g, € G,

P (dc (g1 8)) <dn (f(g1) .1 (2)) <ee (do (g818))-

Delabie et al. showed [DKLMT22, Theorem 5.4] that if G is amenable and if there exists
a regular map from G to H, then there exists k € N such that there is an at most k-to-one
measure subgroup Coupling from G to H. We will see a more precise version of this statement

in Theorem 3.6, page 13, where we add the integrability of the measure subgroup.

Let us now define the quantitative version of such couplings.
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3 Preliminaries on measure couplings

3.2 Quantitative couplings
321 Definitions and examples

Recall that if a ﬁnitcly gcncratcd group G acts on a space () and if S is a finite generating set
of G, one can define the Schreier graph associated to this action. It is the graph whose set of
vertices is QQ and set of edges is {(x,s * x)[s € S, x € Q}, where “+” denotes the action of
G on Q. This graph is endowed with a natural metric dg, fixing the length of an edge to one.
Remark that if S{; is another generating set of G then there exists C > 0 such that for a.e. x € Q

andallg € G
1
EdSG (x,g*x) < dS/G(X7 g*xx) < Cds(; (x, g * x).

Finally it (Q, Xgq, m) is a measure subgroup coupling from G to H, we have a natural action

“w”n

of G on Xy (see Figure 5 for an illustration) denoted by “” where for a.e. x € Xjyand allg € G

we define g - x to be the unique element of H * g * x contained in Xy, viz.
{g-x) = (H*g*x) N Xy

Definition 3.3 ([DKLMT22, Def. 2.20])

Let @ : R, — R, be a non-decreasing map. Let G and H be two countable groups and
denote by Sy a finite generating set of H. A measure subgroup coupling (Q, Xyy, m) from
G to H is said to be @-integrable if for all g € G there exists cg >0 such that

J © <1dSH (g*xx,g- X)) dm(x) < +00.
XH g

g*xx

H Z ) \
| (

/

PR

g,1)

=20

Xg

@g*T @ Elements of Xy @ Other elements of the corresponding orbit

Figure 5: Definition ofg - X

The constant ¢g in the definition is introduced for the integrability to be independent of
the choice of generating set Syy.

If @(x) = xP we will sometimes talk of LP-integrability instead of @-integrability. In par-
ticular, 1Y means that no intcgrabﬂity assumption is made. We will talk about Loo—integrability

if x = dg;, (g * x, g - x) is essentially bounded for all g € G.

Remark 3.4 (Reformulation using cocycles). When (Q, Xjy, m) is a measure subgroup coupling

from G to H, the associated cocycle & : G x Xj; — H is defined as being the map that verifies
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3 Preliminaries on measure couplings

x(g,x) x g*x = g-x, forall g € Gand ae. x € Q. In other words, a(g,x) is the (unique)
clement of h sending g * x to the fundamental domain Xpy.

Now, denote by |h|sH the length ofhinH = <5H> An equivalent manner to formulate the

above Definition 3.3 using cocycles, is to replace dg, (g * x, g - x) in the integral by |a(g, x)|g,,.

Remark 3.5 (Quantitative measure equivalence). The authors also defined in [DKLMT22] the
quantiative version of measure equivalence. Let (Q, X, Xj1, m) be a measure equivalence cou-
pling from G to H, and denote by o and 3 the corresponding cocycles (see Equation (1.1),
page 2). One says that the measure equivalence is ((p, II))—integrable if oc and [3 are respectively
@-integrable and P-integrable. This is equivalent to ask for the measure subgroup coupling
(Q, Xj1,m) to be @-integrable and (Q, X, m) to be WP-integrable.

Integrable measure subgroup couplings naturally arise from regulzn' maps, and thus, in par-
ticular, from coarse embeddings. This is what the following theorem recalls. We refer to Exam-

ple 3.2, page 11 for the definitions of coarse cmbcddings and rcgular maps.

Theorem 3.6 ([DKLMT22, Theorem 5.4])
Let G and H be two finitely generated groups.
« If there exists k € N such that there is an at most k-to-one L>-integrable measure
subgroup coupling from G to H, then G regularly embeds into H.
« If G is amenable and regularly embeds into H, then there exists k € N such that

there is an at most k-to-one L*-integrable measure subgroup coupling from G to H.

3.2.2  Isoperimetric proﬁle

Now recall from the introduction that the isoperimetric profile of G is the map I defined by
Ig(n) = SUP|A|<n |Al/|0gAl. Delabie, Koivisto, Le Maitre and Tessera showed the monotonicity
< )

Ol" tl]lS proﬁle under measure eaquivalence ’Al’ld measure subgroup couplings.

Theorem 3.7 ([DKLMT22, Theorems 1 and 4.4])
Let @ : Rf — Rj’: be a non—deereasing map such that t — t/(p(t) is also non—decreasing.
Let G and H be two ﬁnitcly gencratcd groups. If either
- there exists a (@, L9)-measure equivalence coupling from G to H;
« or there exists an at most k-to-one @-integrable measure subgroup coupling from G
to H, for some k € N;
then p oIy X Ig.

Assume for example that H = Z. Then its profile verifies Iz ~ id. The above theorem proves
that, if there exists at most k-to-one @-integrable measure sugroup coupling from a group G to
Z, then @ < Ig.

33  Couplings building techniques

In this section we recall the necessary material from [DKLMT22, CDKT24]. We present the
tools needed to build the coupling of Theorem 1.3, page 4, namely sofic approximations and
Folner tiling sequences. The necessity of both these tools is discussed in Remark 3.12, page 15.

33.1  Sofic approximations

In chis paragraph G will be a ﬁnitely generated group endowed with a finite generating set

SG, and (Gn)pen will be a sequence of finite directed graphs, labeled by the elements of Sg.

13



3 Preliminaries on measure couplings

Let r > 0 and denote by 95}') the set of elements x € Gy, such that Bg (x,1) is isomorphic to
B (e, 1) seen as directed labeled graphs, viz. 9&‘) = {x € 9n | Bg, (x,1) =~ Bgleg, r)}. We say

that (Gn),eN is a sofic approximation if for every r > 0

Example 3.8. Any Folner sequence in an amenable group G is a sofic approximation.

In [CDKT24] Carderi, Delabie, Koivisto and Tessera provcd a condition for a measure sub-
group coupling to be (p—integmble, using sofic approximations.
Theorem 3.9 ([CDKT24])
Let @: R* — R* be a non-decreasing map. Let G and H be two finitely generated groups

with respective sofic approximations (Gn)n and (Fy)n. Let ty: Gy — Hy be an injective

map such that, for every s € S there exists & > 0 such that

{x €90 Idge, (1, ol ) = 1}

R
i, sup 2_ (6 5 oo 0D

Then there exists an at most 1-to-one @-integrable measure subgroup coupling from G to H.

Given two amenable groups G and H, with respective sofic approximations (Gp)n and
(Hn)n, defining injections Ly, that verify the above Equation (3.1) is not always straightforward.
Our strategy to define such an injection relies on the notion of Folner tiling sequence, introduced
by Delabie, Koivisto, Le Maitre and Tessera [DKLMT22].

332  Folner tiling sequence: shifts and tiles

Folner tiling sequences are tools to chose the needed sofic approximations, (Gp)n and (3,

)

and define an injection t, from Gy, to Hy, that verifies Equation (3.1).

Definition 3.10 (/DKLMT22])

Let G be an amenable group and (Z,),,cy be a sequence of finite subsets of G. Define by
induction the sequence (Th),en by To = Zp and Th,p = Ty,
We say that (X,),¢en is a (right) Felner tiling sequence if
« (Tnpen is a (right) Felner sequence, viz. limp o0 [Tng\Tnl/[Tnl = 0 for all g € G;
« Tha =Ugex,, 0Th
We call Z,, a set of shifts and T, a tile.

Remark that in particular Ty, = X, -+ - Zg for all n € N, and for all (f,¢t) € T, there exists a

.....

(f,o=0,---09 and o;€ L;, Vie{0,...,n}.

Example 3.11 ([DKLMT22, Proposition 6.10]). Let G = Z and for alln € Nlet &, = {0,2"}.
Then (Z,)), is a Folner tiling sequence and the corresponding sequence of tiles is the sequence
of intervals of the form Ty == [0,2™! — 1], forn € N.
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4 Construction of the coupling

We refer to Section 4.1.1, page 15 for the definition of Folner tiiing sequences in diagonai

products, and to Section 4.1.2, page 17 for a definition of another tiling ina 1ampiighter group.

Remark 3.12 (On the choice of tools). In our proof, the criterion given in Theorem 3.9 allows
us to build and quantify the coupling. The injections Ly this criterion requires us to build
are obtained using Folner tiiing sequences. Indeed, these tiling sequences allow us to define
injections Ly that respect the geometry of the groups, that is to say, that Vcrify Equation (3.1).

On the other hand, i‘ciying oniy on Folner tiling sequences is not possiblc for us in this case.
More precisely, let G and H be two amenable groups with respective Folner tiling sequences
(Zp)n and (Z])n. In [DKLMT22, Proposition 6.9], the authors give a criterion to show that G
and H admit a measure equivalence coupling for which both cocycles are @-integrable. Their
criterion requires that the shifts verify £,, = £/ for alln € N.

We did not manage to fulfill this strong requirement in our case, namely, when G is a
diagonal product and H a lamplighter gorup. This is why, instead, we rely on the criterion

given in Theorem 3.9, which allows Z; to contain more elements than X .

4 Construction of the coupling

We now turn to the proof of Theorem 1.3, page 4. In the following A will denote a diago-
nal product as defined in Section 2 and vcrifying the hypothcscs (H) page 7. In particuiar its
isoperimetric profile is of the form Io =~ p o log for some p € €. To prove Theorem 1.3 we
actualiy show that the diagonai product obtained from the isoperimetric profiie po log is the

wanted group G. The integrability of the coupling is proved using the criterion of Theorem 3.9.

4.1 Defmition of the sofic approximations

The purpose of this section is to define the sofic approximations (G )y and (Hy), in respectively
G = Aand H = (Z/mZ) ! Z. We start by exhibiting Felner tiling sequences in both G and H,

and EhCl’l extract appropriate SU.bSCqUGl’lCGS to WOI'i{ Wlti’l

4.1.1 Folner tiling sequences in a diagonal product

In [Esc24] we constructed Folner tiling sequences of diagonal products. In particular, we showed
in [Esc24, Lemma 3.10] that the sequence (T)y defined in the following Equation (4.1), can be

obtained as a sequence of tiles. We refer to Section 2.2 for details on the range of an element.
Sequence of tiles  For alln € N, let

Tn = {(f,0) € Alrange(f,v) € [0,k" ~1]}. (4.1)
The sequence (Tp)nisa (i‘ight) Folner sequence for A [Esc24, Proposition 2.13 and Lemma 3.10].

aSATni/iTni < 2/kM
Forall n € N, let £(n) = (k" — 1), that is to say £(n) is the unique integer such that

It verifies

i(s(n) <k'-1«< 1<£(n)+1. For example if k, = k™, then £(n) = n — 1. We recall the following

useful fact, concerning the growth of the map £.

Claim 4.1 ([Esc24, Claim 3.8]). Let n > 0, then either £(n+1) = £(n) or £(n +1) = £(n) + 1.
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4  Construction of the coupling

We computed in [Esc24, Lemma 4.2] the value of [Ty for all n € N, namely

£(n)
(Tl = & (AIBY S T M), (4.2)
m=1

and moreover showed [Esc24, Proposition 4.3] that there exist two constants cp, Cp > 0 de-

pending only on A, such that for alln € N

CAKn_llg(n) <InTyl < CAKHIS(H). (4.3)
We now recall the definition of the corresponding shifts.

Sequence of shifts Let Xy = T = {(f, t) € Al range(f,t) € {0, 1}} Now for alln > 0
we split £,,1 in K parts defined as follows. For all j € {0,...,k - 1} we let Zjn be the set of
(g, an) € A such chat the fo]lowing conditions are verified:

L supp (gy) € [0,jk™ = 1] U [+ Dk, k™!~ 1]

2. supp (g;n) - [km, iK™ + ki — 1] U [(] KD, kM 1] forallm € [1, £(n)] ;

3. If €+ 1) = £(n) + 1 then supp (gi)(ml)) - [km, K+l 1] .

4. supp (g;n) =P forallm ¢ [0, &(n+1)].
We refer to Figure 6, page 16 for a representation of an element in such a part. Finally, we define
Yol = UjK=_01):]n+1' This sequence verifies Ty, = Xy, Ty for all n € N [Esc24, Lemma 3.10].

Let (g, ©) be an element of some ijl' We represent in Figure 6 the supports and the sets
where the maps gy, ¢y, ..., glﬁ(ml) take their values. The light-blue rectangle with dotted out-

line is in Zjn+l if and only if £n+1) = £(n) + 1.

_—— T Present iff £ +1) = £(n) +1
P )

/

9’1‘,(n)+1

g,":(n)

0 jK™ G+ k" e+
Figure 6: Support and values taken by (g, t) € Zjn

We conclude with some remarks on the cursor of elements of Z,. Recall (see page 8) that

) : A — Z denotes the map that sends an element of A to its cursor.

Remark 4.2 (Cursor of tiling sequences). First note that by definition of £y we have (o) = 0
forall o € Zy; Now letn € N* and note thatif o € L, thenmy(0) = jk", withj € {0, ..., k1.

In particular, let (f,¢) € Ty and let (07)p<i<n denote the (unique) sequence such that
(f,)=0n---0pand 07 € I forall i € {0,...,n}. Then m,(0p) = 0. Now decompose t in base
Kast = Zi:ol tik'. Then for all i € {0,...,n -1}, we have ) (07,1) = tiK'.
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4  Construction of the coupling

4.12 Tiling of the lamplighter group

In the following we endow H = (Z/mZ) Z with the following finite, symmetric generating set:
Sy = {le, £D}U {(alo, 0)]ae Z/mZ}A Recall that a (right) Felner sequence of H is given by

F; = {((Ei)i,t) e {0,n-1} supp((ei)i) C[0,n— 1]}

Our goal here is to extract a subsequence of (F],), en to define a riling for our group H. So
let (dn), e be a sequence of integers and define 26 = Féo. Now let Dy, = [ 3Ly di and consider
foralln >0

£l = U { (e, Dn) [supp (i) €[0,iDn - 1]
(4.4)
U [+ 1DDn, Dyt~ 1] }

These sets will be the shifts of the wanted Folner tiling sequence. This is what Lemma 4.4,

page 17 formalises, but first let us give some illustration of this tiling.

Example 4.3. Assume that dy = 2 and dy = 4, then Dy = 2 and Dy = & Now consider
((Ei)i, t) € Fi)o and ((Eq)i,jDO) S le' We represent the product of these two elements in
Figure 7 for j = 0 (Figure 7a) or j = 2 (Figure 7b). The dark blue squares correspond to lamp
configurations coming from the element in Fpy, while the orange ones are coming from the shift.

The cursor of this product, namely ¢ +jDy, belongs to the hatched blue rectangle.

Fy = Fp, = 51,

P

0 1 2 3 4 5 6 7 8
(a) Representation of ((Ei/)i, 0) ((Ei)i, t)
Fy = P, = I{Fh,
o, — )
8

(b) Representation of ((Ei/)i, 2D1) ((ei)i, t)

Figure 7: Tiling of the lamplighter

Let us now prove that it actually defines a Folner tiling sequence.

Lemma 4.4
Let (dn)nen be a sequence of positive integers and for alln € N, let Dy = [ [iL) di. Finally
let (£]),en be as above.
Then (Z;)neN is a (right) Felner tiling sequence and Fi)ml = Z;+1F{)n, foralln € N.



4 Construction of the coupling

Proof. Let (dn),en be a sequence of positive integers and for all n € Nlet Dy, = [ L) dn. Let
(Z;+1) be defined as in Equation (4.4).
Step 1 Let us prove that Fi)ml = Z/ i) , for aii ne N.
« We first show that for all n G N Zn 1 ) is contained in FD "
Let (( )1, ) in Ff)n andj € [0,dp,q — 1] and take ((8 )i, Dn) ey’

n+l- Then

((ei,iDn) ((eDi, ) = ((Ei + 5i_]‘nn)iv t+ an)

By the definition oniHl given in Equation (4.4) and since (s{)i is supported on [0, Dy, —1],

we have

supp ((si vEl )lez) [0,iDn = 1] U [+ DDy, Dipyy = 1] U [iDy, G + DDy — 1],
=[0,Dn.1 = 1]

Finally, since t < Dy — Tand j < dy,1 — 1, we get
jI)n +t < (dn+l - 1)Dn +Dp-1< Dnd—n+1 -1= Dn+1 -1

Thus ((si)i, an) ((El{)i, t) belongs to FIDM

« Now take ((w-)- ) € F/ +1 and let us show that ((wi)i,t) belongs to Z;MFB“.
First, remark that since t < Dy,1 — 1, and Dy, = dyy,1 Dy, there exists a unique 0 < j <
dpe1 = 1 such that jDy, < ¢ < G+ 1)Dy, = 1 For such aj, lett! =t - jDp and let (g); and
(8{)1 be such that

¢ CiSC

{wi ifi e [0 Dn - 1] U i + ])1)1‘171)1'1+1 1]

)

' {wi+jl)n iti e [0,D, - 1],

e else.

Then ((Ei)i,jl)n) IS Zi1+1 and ((Eg)i,t/) € Ff)ﬂ and they verify (( €i)i,jDn )(( )1,t/) =
((wi)' ) Hence the equality of the lemma.
Step 2 Let us prove that (£]),cpy is a right Felner tiling sequence.
« First, the sequence of tiles (F Dn)” is a subsequence of the right Felner sequence (F;)n of
H. Therefore, it is itself a right Felner sequence.
+ We now show that O‘FD N O‘/F{) =0forallo/o’ €2/ .
So take ((E )1, n) and (( )1, /Dn) in Zml and take ((w;);, t) and ((w{)i, t/) in F/Dn' It

((ei,iDn) (@i)i, ©) = ((eDs, i D) (@), ), (4.5)

then in particular t+jDy, = t/+j/Dn. But ¢, ¢/ < Dy, thus the last equality implies ¢ = ¢ and
therefore j= ]',. In particular (&;); and (8{)1 are supported on the same set, nameiy [0, iDn—
1]U [(] +1)Dy, Dy =11, This last set is disjoint from [an, (j+l)Dn—1] which is the interval
where (wi—jl)n)i and (wi—il)ll)i are Supportcd. Combining this with Equation (4.5) we
thus get that €; = €/ for all i. Hence the result. O

We conclude with the following lemma.
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4 Construction of the coupling

Lemma 4.5

Let (dn)yen be a sequence of positive integers and for all n € N, let Dy = [[L di.
Let (Z{I)HGN be as in Equation (4.4), page 17. Then, the sequence of tiles (Fp,_), verifies
diam (F;) < 3Dy, for all n € N. Moreover, for all n € N we have

‘F/Dn’ =Dym™  and P:/ = (dpe - l)Dnm(dn*l_])D“.

n+1

Proof. By choice of the generating set Sy, the bound on the diameter is immediate.
Letn € Nand consider ((Ei)i, t) € Ff)n. By definition of‘F{)n (see page 17), there are exactly

Dy

Dy, possible values for the cursor t, and m*» possible values for the sequence (g;);. Therefore Ff)
n

contains exactly Dan“ elements. Furthermore, since F{) = v/
J Un+

mng , the shift Z;” contains
N
(dml*DD

therefore (d,,; — )Dym n elements. O

We thus know how to build Felner tﬂing sequences for H. Now, we have to specify the
sequence (dn)nEN such that the obtained tihng will give an appropriate Sofic approximation

for our coupling.

413 Deﬁning the sofic approximations

In the following we denote by (£), the Folner tiling sequence of A defined in Section 4.1.1,
page 15 and by (Ty)y the corresponding tiling of A (see Equation (4.1), page 15). In particular
it verifies Tpy1 = Lps1Th foralln € N

Given a sequence (dp)y of integers we also let Dy = [T di and denote by (Z]), the
Corrcsponding Folner tiling sequences defined in Equation (4.4). The goal is to define (dp),
such that one can embedd £, in £ for all n.

So for all n € N, let Gy, := Ty, and now let us define inductively the Sofic approximation
Hn of H. Firse, lec dgy = min{j Tl < |F£10|} and H = FZ{O. By definition of the Folner tiling
sequences we have Fiio = Ziio and X = Ty, thus [Zo| < |Z{| and moreover, by definition of dg

and Lemma 4.5, page 19, we have

(do - Dm~! < Z0] < dgm0 (4.6)

Then let n > 0 and assume that we have defined the sequence (di)o<icn and H;, = Fi—) .
Let dyyyq be the minimal integer such that the set qul defined in Equation (4.4) contains at

least |Z,,,1| elements, viz.

Dﬂ(dﬂ+1_2) g ‘Z Dn(dm-l_l). (47)

(dn+1 -Dm n+1| < dn+1n1

Remark that in particular, one can embed X, in Z:"Hl' Finally let 3, = F{)m]. [t defines by
induction a sequence (Hy),en, which is a Sofic approximation of Ly, since it is a sub-sequence
of a Folner sequence. We refer to table 1, page 20 for a summary of the different objects defined

above.

4.2 Quantification

The purpose if this section is to verify the criterion given by Theorem 3.9, page 14.
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90 = ZO = TO 9n+1 = Tn+] = Zn+1Tn
do = min{j Tl < |Féoi} Hy = FZ{U = ):6

dpe1 defined by Equation (4.7), page 19 Dyt = dps1Dp = HT:& d;
Ziul defined by Equation (4.4), page 17 Hou = F{)ml = Z:MF/

n+1

Table 1: Definition of the sofic approximations

4.2.1 Definition of the injection

Let us define, for all n € N, the injection t,, embedding G;, in (.

First remark that, by definition of (Z;)n, we have |X,] < iZ;L for all n € N (see Equa-
tion (4.7), page 19), and there thus exists an injection vy, from X, to Z{T From now on, we
assume fixed such a sequence of(arbiti‘arily chosen) injections (Vo).

Now let n € N. Since (Zi)ieN is a Folner tiling sequence, one can write every element of
Gp as a product Oy, - - - 0 where 07 € X is uniquely determined for all i. Thus we can define

without ambiguity the following map t,.

Lemma 4.6

Let n € N. The map defined by

9n:Tn %:}Cn:Fi)w
ln "

Op---00 > Vu(0n)---vy(0p).

where 05 € Z; for all i < n, is an injection from Gy, to H,.

Proof. Letn € N. The map Ly thus defined does not depcnd on the choice of the dccomposition
of an element of T}, in a product of shifts. Indeed, by the prcccding discussion, there is only
one choice possible for the aforementioned decomposition.

Now let x,X' € G Letx = 0y -+ 0g and x' = 0/, - -+ (76 be the (unique) decompositions
in product of shifts of x and X' In particular, for all i € {0,...,n} define o3, 0'{ are elements
of Zi. Then by definition of t, we have t,(x) = Hil() vi (07) and 1,(x) = H?:O V; (O‘{) Bur
vi(0;) and v;i(0?) belong to Z! for all i, thus [Tl Vi (i) is the decomposition of t,(x) and
[[Lo vi (07) the decomposition of tn(x’) in product of shifts. Since (£1), is a Folner tiling
shift, this decomposition is unique. Thus if t,(x) = 1, (x') then vi(o;) = Vi(O‘g) for all i. Hence

0 = O‘{ since Vi is a bijection for all i, and therefore x = x'. Hence the injectivity of L. ]

In order to verif;v Equation (3.1), page 14, we now need to estimate the values taken by the

distance between t, ((f, t)) and t, ((f, ) - s) when (f, t) belongs to A and s € Sp.

4.2.2 Distance

The goal of this subsection is to give an upper bound to the distance between 1,(f,t) and
Ly ((f, t)s). We distinguish tWO cases dcpcnding on whether s = (e7 1) or not. But first let us
introduce some notations.

Lett € {0,...,k" =1} and lec t = Zin:_()l tik! be the decomposition in base k of t. If (f, t)
belongs to 9](11) then t < k" = 1 and thus there exists i € {0,...,n = 1} such that t; < k = 1.

Therefore, we can define

ig(t) =min{i <nlg<k-1). (4.8)
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4 Construction of the coupling

This index corresponds to the one of the coefficient t; that will absorb the carry when we add

one to t. In other words, the decomposition of t + 1 in base K is given by t+1 = (t; () + i@ 4
Z?:_i(])(t) tik!. Finally, let us recall that 9;1') is defined as 9&‘) = {X € 9n|Bg, (x,1) =~ Bgleg, r)}.
Lemma 4.7

Lecn € Nands € 8p. Forall t € {0,..., k" — 1}, let ip(t) be as in Equation (4.8) Then for

all (F, 1) € G we have

3Dy it's (e, 1),
3I)i()(t) if's = (e, 1).

d@ﬂﬁ@JJ&Ow”é{

The following proof relies on the definition of the range given in Definition 2.5, page &.

Proof. Recall that G, = Ty, where Ty, is tiled by the sequence of shifts (X;)i_o__n. In particular
(see Definition 3.10, page 14) T, = X, - -+ L and since (f,t) € Ty, there exists a unique se-
quence (03)p<i<n such that (f ) = 0, --- 09 and 07 € L for all i € {0,... n}. Similarly, we
denote by (07,)p<i<n the unique sequence such that (f, t)s = o7, - - - 06 and 0! € Z; for all i.
First case Let s € Sp\(e, D}
« Let us first prove that ogs belongs to Ty.
Since 0 € X = T it verifies range(0() = {0}. Morcover, since s belongs to Sa\{(e, 1)}
its cursor is equal to 0. Therefore, by definition of the range, we have range(os) = {0}.
Hence ogs € Ty.
« Let us now show that o; = 0{ foralli> 0.
Remark that
(f,t)s=0p---009s=0,---071(0ps).

But by the last point 0s belongs to ), thus the above equality gives a decomposition
of (f, t)s in a product of shifts. By uniqueness of this decomposition (see below Defini-
tion 3.10, page 14) we thus have 66 = 0¢ -sand 0j = 0} for all i > 0.

+ Let us now bound by above the distance between t, ((f, t)) and ((f, t)s).
Using the definition of t, given by Lemma 4.6, page 20, then the above point, and finally

Lemma 4.5, page 19, we obtain that

d (((F,0), 1 ((F,05)) = d(vo (a0),vo (a03) ),
< diam(Hyp) = 3Dy.

Second case Now assume that s = (e, 1).
+ Let us prove that 0y () - - - 09 - (e, 1) belongs to T; ().
First recall (see page 8) that 71y : A — Z denotes the map that sends an element of A to
its cursor. Using Remark 4.2, page 16 we get that 7 (0¢) = 0 and 75(03,1) = tiKi_1 for all
i €{0,...,n—1}. Therefore

io(t)

7 (040 - 00) = )tk

i=0

Bur, by definition of ig(t), we have t; = k = 1 for all i < ip(c) and t; () < Kk = 1, thus
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4 Construction of the coupling

1) (0‘ OREE (70) < k10® 1 Hence

io
) (O-io(t) - 0ple, l)) =T (Gi()(c) e O-O) 1< Kio(t) _1

Since 05 () * - - 0 belongs to T; (), its range is included in [0, ki0® _ 1] Thus, using the

above inequa]ity we get

range (O—i()(t) - 0pfe, ])) C range (Git)(t) s 0'0) U {7‘[2 (Gi()(t) - 0gle, ]))}
C [0, k00 _ 1]

)

namcly Oi(0) " ° ople, 1) bclongs to Ti()(t)'
« Let us now show that o; = U{ foralli> i()(t).

By the above point there exists a sequence (07)o<igi, () such that 0y ()« == 00s = 03 (1)« * -
and 6; € X; for all i < ig(c). Therefore

(f,0)s = 0 -+ 005 = O -+ O3 (1)1 (Giu(t) e Uos) ,

= On - Oyt (T~ 00)

where 6; belongs to Zj for all i < ip(t) and o7 belongs to Zj for all i > ip(t). Hence the
above equality gives a decomposition of (f, t)s in a product of shifts. Using once more
the uniqueness of this decomposition (see below Definition 3.10, page 14) we thus have
0‘{ = 0 forall i <ip(t) and o5 = O‘{ for all i > ip(t).

« Using the definition of t, given by Lemma 4.6, page 20, then the above point, and finally

Lemma 4.5, page 19, we obtain that
d (Ln ((f, t)), ln ((f, t)S)) < diam(j‘fi()(t)) = 3Di(>(t)- ]

We conclude with an estimate of the proportion of elements in Gy, verifying ip(t) = i for
some fixedi € {0,...,n— 1}
Lemma 4.8

Letn € Nand ig(t) be as in Equation (4.8). Then, for all i € {0,...,n -1}, we have

(k

-1
Dis,).

K

[{(F,0 € G - ig(0 = i}] =

Proof. Soleti € {0,...,n=1}. As above, let t = Z]-r:()l £ kl be the dccomposition in base k of
t. For a givenj € {0,...,n =1}, the digit tj can uniformly take k different values, namcly any
value between zero and k — 1. Thus, the proportion of (f,t) € G, Vcrifying that t; < k = 1 and
tj=Kk-1 for all j <1 is equal to (k - Dk~ Hence the lemma. O

423 lntegrability

We now turn to the proof of the quantification. We prove that the sequences (Gy)y and (FHy)y
defined before verify, for all € > 0, the condition of Theorem 3.9, page 14 with ¢@ = p]_s. First,

we need to bOU_l’ld by leOVC EhC VGLIUC Of DH-

Lemma 4.9

There exists C/A > 1 depending only on A such that D, < C/A K"'lg(), foralln € N.
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4 Construction of the coupling

Proof. We start by proving some incquaiitics and then show the upper bound by induction onn.

Useful remarks
1. First, note that since m > 2 we have In(m) > 1/2 and therefore 1/ In(m) < 2.
2. BV definition ofzo, and item 1 of hypotheses (H), page 7, we have |Zo| = q = 6. Therefore
In|Zol =In(q) >
3. Letus show ti’mt dm] > 2foralln € N.
Letn € Nand assume towards a contradiction that dy,,1 = 1. By the right most inequality

dor+dn0 _ 1 Byr the value of |T;] is

of Equation (4.7), page 19, this implies [Z,,] < m
strictly increasing. Since Ty, = X, Ty this forces ;1 to contain at least 2 elements.
Hence the contradiction.

4. Let us now prove that, for all n € N* we have In|Z,| < CaAk"lg(,).
Let n € N. Recall that the sequence of shifts (X;); verifies Ty,1 = Z1,1Th. In particular
|Z 1l = [ Thal/ITal. Combining this with the upper bound in Equation (4.3), page 16,
leads

In[Z ] = In [Tl = In [To] < In[Tpot| < CAK™ g ().

Now let C/A = max {3 ln(q), 6CA}. Remark in particular that C/A > 1 (see the above item 2).
foralln e N

We now aim to show that D, < C/A 1 £n)

Base case Let us first treat the case where n = 0.

1)1,nd0—l

« Remark that by Equation (4.6), page 19 we have (dg - < |Zol. Therefore, using

first the latter inequality, then that In |Zol > 1 (item 2), then that 1/ In(m) < 2 (item 1),

icads 1 |Z‘
1
dp < 20 1|zo( )+1) 31n[Zo|.

S In(m) In(m

Using that || = q (item 2) and recalling that Dy = d thus gives Dy < 3In|Zy| = 3In(q). The

wanted inequality then comes noting that C/y > 31n(q) and thar K¢ = k'AY = 1

Induction Now let n € N and assume that D, < C/yk"lg(,). Recall that we showed (item 3)
that dpp,; = 2. We distinguish two cases depending on whether dy,1 =2 or dppyy > 3.
« If dpyg =2, then Dyy,1 = 2Dy, Using our assumption on Dy, and that k > 3, we obtain

Diet = 2Dy € 2 Chk gy < CaAk™ g

We obtain the wanted incquality by rccalling that £(n) < £(n+1) (see Claim 4.1, page 15).
Since (Ij); is a subsequence of a geometric sequence (see item 5 of (H), page 7), in particu-
lar it is non-decreasing. Thus lﬁ(n) < 1£(n+1) and hence we obtain the wanted inequality
in this case.

« Assume now that dy,,; = 3. Taking the logarithm of the left most inequality of Equa-
tion (4.7), page 19 then leads Dy (dy,1 — 2) In(m) < In X, 4] Since Dy,p = dyyDn we

deduce

In |Zn+]| dn+1
In(m) (dp,1—2)

But since dyyp = 3, we have dpy,1/(dpy — 2) < 3. Recalling that 1/In(m) < 2 (item 1

Dn+1 X

of the above useful remarks) thus leads Dyp,; < 6In|X,,,4]. Then applying item 4 of the
above remarks, and using that Cy > 6Cy, implies

Dpy1 < 6CA K™ 112, (n+l) X CA K™ 112 (n+1)- O
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4 Construction of the coupling

We now turn to the proof of our main result.

Proof of Theorem 1.3. So let p € €, let & > 0 and define @¢ = p'¢. Consider A verifying the
conditions (H) page 7 and such that Ip ~ p o log. Let G := A and H = (Z/mZ) 1 Z. Let (Gn)n
and (F(;))y be as defined in Section 4.1, page 15

Consider s € Sp and fix R > 0 and n € N. We distinguish two cases depending on whether

s = (e, 1) or not

First case Lets € SA\{C, 1}. By Lemma 4.7, page 21 the distance between 1,(f, t) and t, ((f, t)s)
is bounded on Gy, by 3Dg. Therefore

R {(f, 0 € G0 [ dge (ta(F, 0, 1y ((F, 0s) = 1}(
Z (Pa(f) |9 | < @5(31)0) < +0Q.
=0 n

Since this upper bound does not depend on R nor on n, the condition of Equation (3.1), page 14

is verified in this case.

Second case We now assume that s = (e, 1). By Lemma 4.7, page 21 and Lemma 4.8, page 22, we

have
R (F,0 € S [ dge, (a(F, 0,1 ((F,0) - 5) =1 n 1
> el { H <Y 00y
=0 [Snl i=0 K

But, wheni > 0, by Lemma 4.9, page 22 there exists a constant C/A > IsuchthatD; < C/A Kiig(i).
Therefore, using that p is non-decreasing, then Equation (2.2), page 9, we obrtain that for all
i>0

p(3D) < p (3CKK'lgm) < 3CHp (K'lgp) -

Now, recall that the map p given by Lemma 2.13, page 10 verifies p ~ p and p (Kilg(i)) =« In

other word, there exists some constant ¢ 2 1 depending only on A such that p (Kilg(-)) < ekl

1
l-¢

Combining these inequalities and recailing that @¢ = p'~ ¢, we thus get

n n
k-1 - A (-g) K—1
Z‘F’EGDUT < pBDY)' e(K_1)+Z(3C/ACKl)( &) —
i=0 1
n
= p(3D0)17£(K 1D+ (3C/AC)(1—£)(K ) Z K€
i=1

¢ < Tand thus the sequence (k#'); is summable. Hence the sum

Finally, since k > 3, we have k™
> 1, k¢ is bounded by above by a constant that does not depend on n nor on R. Therefore

Equation (3.1) is verified.

Conclusion on the integrability. By Theorem 3.9, page 14, there exists an at most 1-to-one

@-integrable measure subgroup coupling from G to H. 0
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Notations

Notation index

<, = See page 4.

[X| Cardinal of the set X.

OF Boundary of the set F.

A See Definition 2.1.

A, See Section 2.1.

C See Equation (1.2), page 4.

F; A Folner sequence of (Z/mZ) ! Z (see Section 4.1.2, page 17).

g The sequence of maps (g )imeN.

g The sequence of maps (8fn)m>0-

g{n See Section 2.1.

9n Sofic approximation of G.

91({) The set {X € G, Bgn(x, 1) ~ Bgleg, r)}

I Normal closure of [An,, Byl

J, Sofic approximation of H.

io(t) Defined by ip(t) == min{i < n | ti < k — 1} (see Equation (4.8)).
I Isoperimetric profile of G.

tn Injection from Gy, to Iy,

Ly Lamplighter group (Z/mZ) 1 Z.
[(n) Integer such that ky,) < n <kyy),;.
£(n) Integer such that kg, < k" =1 <kg(,, ie £n) = I(k" - 1).

Vi Injections from Z; to X! (see page 20);

71y Map that send an element (f, t) € A to its cursor t (see Section 2.2, page 8)
P The affine approximation of the map p (see Lemma 2.13, page 10).

rangc(f, t) See Section 2.2, page 8.

SG A generating set of the group G.

L, Shifts in A (see page 16)

Z; Shifts in the lamplighter group H (see Equation (4.4), page 17)

Ty Tiles in A such that Ty,1 = Z,,,1 Ty (see Equation (4.1), page 15)

SQ(f\m) Natural projection of f, on Ay, (see Section 2.1, page 6).

Qg(f‘m) Natural projection of f1, on By, (see Section 2.1, page 6).
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