QUANTITATIVE MEASURE
EQUIVALENCE AND GRAPH PRODUCTS

Amandine Escalier

Université Lyon 1

(Joint work with Camille Horbez)

E.I E
il
Slides and written notes 1

https://s.42l.fr/AEConf



Introduction

Main Goal: Coarse Geometry Talks to Measured Dynamics

MAIN RESULT

Theorem. [E.—Horbez, '24] Assume that
» ', A have no transvection, no partial conjugation;

» G,, H,, are infinite f.g. groups Vv eT, we A.
If Gr ((PL}I)) H/\,

Then there exists a graph isomorphism 0 : " — A st.
Gy (o) Ho(v) for all v e VT.
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I.1 — MOTIVATIONS: CRITERIA

» G and H are isomorphic
iﬁ 3 a Countable Set Q ;é @, St- G, HOQ Unless mentionned

otherwise, all groups are

> freely;

countable.

» the 2 actions commute;

» and are both transitive.

» [Gromov| G and H are quasi-isometric
iff 3 a locally compact space Q, st. G,HOQ

A fundamental domain

» properly discontinuously;

is a subset of QO that

> the 2 aCtiOHS Commute; contains exactly one
» and both admit a compact fundamental element of each orbit.
domain.
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“Introduced as the measured analogue of quasi-isometry.”

Definition. G and H are measure equivalent if there
exists a measured space (Q,m) st G,HOQ

» freely, measure preservingly;
» the 2 actions commute;

» each admit a fundamental domain of finite measure.

Ex. Two lattices in a same locally compact group.
Ex. If H < G is of finite index, then G MEH.
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1.3 — THE AMENABLE CASE

Ex. 74, (Z/mZ),Z, BS(1,n)..

Amenable groups: large family, containing groups rep-
resenting a wide variety of geometry.

Theorem. [Ornstein-Weiss, '80] All infinite, countable,
amenable groups are measure equivalent to Z.

ME is not responsive to geometry.
— Refine this relation to distinguish groups with dif-
ferent geometries.
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I1.1 — Quantification
!

II.1 — QUANTIFICATION

Cocycle Let ¢(g,x) € Hs.t. ¢(g,x)-g-x=G x € Xu.
Let @, : R% — R% be two unbounded increasing functions.

[Delabie, Koivisto, Le Maitre, Tessera, '20]

Definition. We have an (¢, V)-integrable ME coupling
from G to Hif Vg € G, Vh € H 354,81 > 0

LH 0 (85lelg, ¥)ls,, ) du < 00 LG (5w, x)ls ) du < oo,

Rk L° means: 1u)(01uhtun1
(p V)
Abbreviation. G H.
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f < g if there exists C > 0 st. f=0(g(Cx)) as x — +oo.

Theorem. [Bowen ’16] If G ') Y. Then

Veg(n) X Vi (n)

Cor. Growth is preserved under (L',L")-ME
Rk. Extended to (¢,L°)-ME, w/ ¢ subadditive by [DKLMT].
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1/d
ACG,|Al<n [0sgA]

Ig(n) = I7a(x) ~x

I77/27 ~log

Rk. G amenable iff lim,,_, o Ig(n) = +o0

Theorem. [DKLMT '22] If G ‘") H, and both ¢ and
t/@(t) are non-decreasing, then

eolp=xIs

Rk: Extended to locally compact groups by Paucar.
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If G Xy,

» and ¢ is subadditive: Vg(n) < Vi (¢!

)

» and ¢ and t/@(t) are non-decreasing: ¢ oIy <X Ig.

Application. Recall: 1;a(x) ~x'/4

1t G ““L7) 7, then ¢ 0id(x) X Ig. Namely ¢(x) < Ig.
In particular if G = Z9 then @(x) < x'/4.
— Optimality [DKLMT-Correia] 74 """ Z iff p < 1/d.

Rk: no obstruction for non-amenable groups (yet)...
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Let Ar,Ar,, Ar, be RAAG st. Out(Ar,) is finite for all i € {1,2}.

Theorem. [Horbez-Huang, '21]

Ar, AL if e iff Ap ~Ap .

This matches the QI classification!
» Th. [Huang, 717] Ar1 QI Arz iff I"1 > rz.

What happens to graph products? What about
the quantification?
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I11.3 — GRAPH PRODUCTS: FINITE OUT

Criterion. [Laurence-Servatius]
Out(Ar) is finite
iff T has no transvection, no partial conjugation.

Let T be a graph and 1k(v), the set of neighbors of v.
We say that T has
» Transvections if 3v #w € VI 1k(v) C Br(w, 1).
» Partial Conjugations if 3v € VT, st
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Then there exists a graph isomorphism 0 : " — A st.
G, (@20) Ho(y) for all v e VT.

Rk. This gives the 15 obstruction in the non-amenable world.
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!

I11.3 — GRAPH PRODUCTS: OE

G and H are Orbit equivalent if they are measure equivalent

with a common fundamental domain.

Theorem. [E.—Horbez, 24] Assume that
» I is a finite graph;

» G,, H, are infinite f.g. groups Vv € T.

If G, and H, are (@,V)-OE for all v e VT,
Then Gr and Hr are (@, V)-OE.
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IV.1 — MEASURE EQUIVALENCE

Theorem. [E.-Horbez, ’24] If |VT|,|[VA| > 2 and
» T, A are transvection free w/ no partial conj.;
» G,, H,, are countably infinite Yv € T, w € A;
then,
Gr'THA & Gr YT Ha
& There exists a graph isomorphism
0:T = Ast. Gy % Hg(y) for all v e VT.
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Action of Hy, : Let ¢{:H,, xY; — Gy, and hy € H,,
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= @-integrable.
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28 /30



IV — Idea of the proof
IV.2 — From the vertices to the product

g (z,y1y e, Yn) = (9-2,71(9) "Y1, ey Tn(g) " Yn)
hy - (Zayh---)yn) = (0/1 (th]) 'Z>C/1 (h1>y1) '91)923"')911) 0

Let Sg := UvevrSa, St == UvevrSh,.-

Let ¢/ :HxX — G, and s{ € S, c(sf,x) - x =5l x

28 /30



IV — Idea of the proof
IV.2 — From the vertices to the product

g (z,y1y e, Yn) = (9-2,71(9) "Y1, ey Tn(g) " Yn)
hy - (Z)yh"-)yn) = (C/1 (th]) 'Z>C/] (h],U]) '913923"')yn) .

Let Sg = UvevrSa, St == UvevrSh,.-
Let ¢/ :Hx X — G, and s; € Sy, ¢/[s],x) - x =5 x.

By definition of the action of H,,

28 /30



IV — Idea of the proof
IV.2 — From the vertices to the product

g (z,y1y e, Yn) = (9-2,71(9) "Y1, ey Tn(g) " Yn)
hy - (Z)yh"-)yn) = (C/1 (th]) 'Z>C/] (h],U]) '913923"')9'&) .

Let Sg = UvevrSa, St == UvevrSh,.-
Let ¢/ :Hx X — G, and s; € Sy, ¢/[s],x) - x =5 x.

By definition of the action of H,,

siox=cl(sl,yi) - x

28 /30



IV — Idea of the proof
IV.2 — From the vertices to the product

g (z,y1y e, Yn) = (9-2,71(9) "Y1, ey Tn(g) " Yn)
hy - (Z)yh"-)yn) = (C/1 (th]) 'Z>C/] (h],U]) '913923"')9'&) .

Let Sg = UvevrSa, St == UvevrSh,.-
Let ¢/ :Hx X — G, and s; € Sy, ¢/[s],x) - x =5 x.

By definition of the action of H,,

siox=cl(sl,yi) - x
€G.,

28 /30



IV — Idea of the proof
IV.2 — From the vertices to the product

g (z,y1y e, Yn) = (9-2,71(9) "Y1, ey Tn(g) " Yn)
hy - (Z)yh"-)yn) = (C/1 (th]) 'Z>C/] (h],U]) '913923"')9'&) .

Let Sg = UvevrSa, St == UvevrSh,.-
Let ¢/ :Hx X — G, and s; € Sy, ¢/[s],x) - x =5 x.
By definition of the action of H,,

siox=cl(sl,yi) - x
€G,

&

=c'(s},x) = ¢} (h1,y1)

28 /30



IV — Idea of the proof
IV.2 — From the vertices to the product

g (z,y1y e, Yn) = (9-2,71(9) "Y1, ey Tn(g) " Yn)
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g (z,y1y e, Yn) = (9-2,71(9) "Y1, ey Tn(g) " Yn)
hy - (Zayh---)yn) = (0/1 (th]) 'Z>C/1 (h1>y1) '91)923"')911) 0

Let Sg := UvevrSa, St == UvevrSh,.-
Let ¢/ :HxX — G, and s{ € S, c(sf,x) - x =5l x

By definition of the action of H,,
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Let Sg = UvevrSa, St == UvevrSh,.-
Let ¢/ :Hx X — G, and s; € Sy, ¢/[s],x) - x =5 x.

By definition of the action of H,,

siox=cl(sl,yi) - x
€G.,
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Non-quantitative statement

NON-QUANTITATIVE STATEMENT

Theorem. [Horbez-E., 23+] If
» T and A are transvection-free graphs with no partial
conjugation;

» and G,, H,, are f.g. YweT, we A;

then,
Gr "% Hy;
& Gr THy;
& There exists a graph isoM 6 : T — A st.
G, & Ho(y) for all v e VT.

30/30



	Introduction
	Main Goal: Coarse Geometry Talks to Measured Dynamics

	I — Measure Equivalence
	I.1 – Motivations
	I.2 – Measure Equivalence
	I.3 – Amenable groups

	II — Quantitative Measure Equivalence
	II.1 — Quantification
	II.2 — Geometric behaviour
	II.3 — Applications
	Recap

	III — Graph Products
	III.1 — Definition
	III.2 — Right Angled Artin Groups
	III.3 – Measure equivalence of graph products

	IV — Idea of the proof
	IV – Measure equivalence classification
	IV.2 – From the vertices to the product

	Appendix
	Non-quantitative statement


