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Introduction
Main Goal: Coarse Geometry Talks to Measured Dynamics

Main result

Theorem. [E.–Horbez, ’24] Assume that
] Γ , Λ have no transvection, no partial conjugation;
] Gv, Hw are infinite f.g. groups ∀v ∈ Γ, w ∈ Λ.

If GΓ (φ,ψ)∼ HΛ,
Then there exists a graph isomorphism θ ∶ Γ → Λ st.

Gv (φ,ψ)∼ Hθ(v) for all v ∈ VΓ .
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I — Measure Equivalence
I.1 – Motivations

I.1 — Motivations: Criteria

] G and H are isomorphic

iff ∃ a countable set Ω ≠ ∅, st. G,H↺Ω
] freely;
] the 2 actions commute;
] and are both transitive.

] [Gromov] G and H are quasi-isometric
iff ∃ a locally compact space Ω, st. G,H↺Ω

] properly discontinuously;
] the 2 actions commute;
] and both admit a compact fundamental

domain.

Unless mentionned

otherwise, all groups are

countable.

A fundamental domain

is a subset of Ω that

contains exactly one

element of each orbit.
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I — Measure Equivalence
I.2 – Measure Equivalence

I.2 – Measure Equivalence

“Introduced as the measured analogue of quasi-isometry.”

Definition. G and H are measure equivalent if there
exists a measured space (Ω,m) st G,H↺Ω

] freely, measure preservingly;
] the 2 actions commute;
] each admit a fundamental domain of finite measure.

Ex. Two lattices in a same locally compact group.

Ex. If H ≤ G is of finite index, then G ME∼ H.
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I — Measure Equivalence
I.3 – Amenable groups

I.3 – The amenable case

G is amenable if there exists a sequence Fn ⊂ G of finite sets,
st. |∂SGFn|

|Fn|
→n→+∞ 0.

Ex. ℤd, (ℤ/mℤ) ≀ ℤ, BS(1, n)…

Amenable groups: Large family, containing groups
representing a wide variety of geometry.

Theorem. [Ornstein-Weiss, ’80] All infinite, countable,
amenable groups are measure equivalent to ℤ.
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Amenable groups: large family, containing groups rep-
resenting a wide variety of geometry.

Theorem. [Ornstein-Weiss, ’80] All infinite, countable,
amenable groups are measure equivalent to ℤ.

ME is not responsive to geometry.
→ Refine this relation to distinguish groups with dif-
ferent geometries.
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II — Quantitative Measure Equivalence

Ω

XH
x

g ⋅ x

g

g ⋅ x



II — Quantitative Measure Equivalence
II.1 — Quantification

II.1 — Quantification
Let G = ⟨SG⟩, H = ⟨SH⟩ be ME over Ω, w/ fundamental
domains XG, XH.

Let g ∈ G

Ω = H ⋅ XH

XH
x

H
g

g ⋅ x

g ⋅ x

Hc(g, x) ∈ H

When is x ↦ |c(g, x)|SH bounded?

In Lp?
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II — Quantitative Measure Equivalence
II.1 — Quantification

II.1 — Quantification
Cocycle Let c(g, x) ∈ H s.t. c(g, x) ⋅ g ⋅ x = g ⋅ x ∈ XH.

Let φ,ψ ∶ ℝ∗+ → ℝ∗+ be two unbounded increasing functions.

[Delabie, Koivisto, Le Maître, Tessera, ’20]

Definition. We have an (Lp, Lq)-integrable ME cou-
pling from G to H if ∀g ∈ G, ∀h ∈ H

∃δg, δh > 0

∫XH (
|c(g, x)|SH)

pdμ < ∞ ∫XG (
|c′(h, x)|SG)

qdμ < ∞.

Rk L0 means: no condition
Abbreviation. G (φ,ψ)∼ H.
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II — Quantitative Measure Equivalence
II.2 — Geometric behaviour

II.2 — Geometric behaviour: Growth

] Growth of G ∶= ⟨SG⟩

VG(n) ∶= |BSG(eG, n)| .

f ≼ g if there exists C > 0 st. f = O(g(Cx)) as x → +∞.

Theorem. [Bowen ’16] If G (L1,L0)∼ H. Then

VG(n) ≼ VH (n)

Cor. Growth is preserved under (L1, L1)-ME
Rk. Extended to (φ, L0)-ME, w/ φ subadditive by [DKLMT].
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II — Quantitative Measure Equivalence
II.2 — Geometric behaviour

II.2 — Geometric behaviour: Isoperimetry

] Isoperimetric profile of G

IG(n) ∶= sup
A⊂G,|A|≤n

|A|
|∂SGA|

. Iℤd(x) ≃ x1/d.
Iℤ≀ℤ/2ℤ ≃ log

Rk. G amenable iff limn→+∞ IG(n) = +∞

Theorem. [DKLMT ’22] If G (φ,L0)∼ H,

and both φ and
t/φ(t) are non-decreasing, then

φ ∘ IH ≼ IG

Rk: Extended to locally compact groups by Paucar.
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II.3 – Applications

If G (φ,L0)∼ H,

] and φ is subadditive: VG(n) ≼ VH (φ−1n)
] and φ and t/φ(t) are non-decreasing: φ ∘ IH ≼ IG.

Application.

Recall: Iℤd(x) ≃ x1/d

If G (φ,L0)∼ ℤ, then φ ∘ id(x) ≼ IG. Namely φ(x) ≼ IG.
In particular if G = ℤd then φ(x) ≼ x1/d.
→ Optimality [DKLMT-Correia] ℤd (Lp,L0)∼ ℤ iff p < 1/d.

Rk: no obstruction for non-amenable groups (yet)…
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III — Graph Products
III.1 — Definition

III.1 — Definition

Definition. Let Γ be a finite graph

and let {Gv}v∈VΓ be a
family of groups. The graph product GΓ is defined as

GΓ ∶= ∗v∈VΓGv/⟪[g, h] g ∈ Gv, h ∈ Gw, (v,w) ∈ EΓ⟫

Ex.
] If Γ has no edges, then GΓ = ∗v∈VΓGv.
] If Γ complete, then GΓ = ×v∈VΓGv.
] If Gv = ℤ/2ℤ for all v, GΓ is a RACG.
] If Gv = ℤ for all v, GΓ is a RAAG.

Γ

Gv1Gv2
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Gvi is called a vertex group
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III.2 — Right Angled Artin Groups

III.2 – RAAGs

Let AΓ , AΓ1 , AΓ2 be RAAG st. Out(AΓi) is finite for all i ∈ {1, 2}.

Theorem. [Horbez-Huang, ’21]

AΓ1
ME∼ AΓ2 iff Γ1 ≃ Γ2

iff AΓ1 ≃ AΓ2

.

This matches the QI classification!
] Th. [Huang, ’17] AΓ1 QI AΓ2 iff Γ1 ≃ Γ2.

What happens to graph products? What about
the quantification?
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III — Graph Products
III.3 – Measure equivalence of graph products

III.3 — Graph products: Finite Out

Criterion. [Laurence-Servatius]
Out(AΓ ) is finite
iff [Two conditions on Γ are verified]

Let Γ be a graph and lk(v), the set of neighbors of v.

We say that Γ has
] Transvections if ∃v ≠ w ∈ VΓ lk(v) ⊆ BΓ (w, 1).
] Partial Conjugations if ∃v ∈ VΓ , st
Γ\BΓ (v, 1) is disconnected.
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III — Graph Products
III.3 – Measure equivalence of graph products

III.3 — Graph products: Finite Out

Criterion. [Laurence-Servatius]
Out(AΓ ) is finite
iff Γ has no transvection, no partial conjugation.
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III — Graph Products
III.3 – Measure equivalence of graph products

III.3 — Graph products: ME

Recall Out(AΓ ) is finite iff Γ has no transvec°, no partial conj.

Theorem. [E.–Horbez, ’24] Assume that
] Γ , Λ have no transvection, no partial conjugation;
] Gv, Hw are infinite f.g. groups ∀v ∈ Γ, w ∈ Λ.

If GΓ (φ,ψ)∼ HΛ,
Then there exists a graph isomorphism θ ∶ Γ → Λ st.

Gv (φ,ψ)∼ Hθ(v) for all v ∈ VΓ .

Rk. This gives the 1st obstruction in the non-amenable world.
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III — Graph Products
III.3 – Measure equivalence of graph products

III.3 — Graph products: OE

G and H are Orbit equivalent if they are measure equivalent
with a common fundamental domain.

Theorem. [E.–Horbez, ’24] Assume that

] Γ is a finite graph;
] Gv, Hv are infinite f.g. groups ∀v ∈ Γ .

If Gv and Hv are (φ,ψ)-OE for all v ∈ VΓ ,
Then GΓ and HΓ are (φ,ψ)-OE.
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IV — A word about the proofs
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IV — Idea of the proof
IV – Measure equivalence classification

IV.1 — Measure equivalence

Theorem. [E.-Horbez, ’24] If |VΓ |, |VΛ| ≥ 2 and

] Γ ,Λ are transvection free w/ no partial conj.;
] Gv, Hw are countably infinite ∀v ∈ Γ, w ∈ Λ;

then,
GΓ ME∼ HΛ

⇔ GΓ OE∼ HΛ
⇔ There exists a graph isomorphism

θ ∶ Γ → Λ st. Gv OE∼ Hθ(v) for all v ∈ VΓ .
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IV — Idea of the proof
IV.2 – From the vertices to the product

Show that Gv (φ,ψ)∼ Hv for all v ∈ VΓ ⇒ GΓ (φ,ψ)∼ HΓ .

Let

VΓ = {v1, … , vn}

X ∶= Z × Y1 ×⋯× Yn
Gvi , Hvi (φ,ψ)-OE over (Yi, νi) endowed w/ product measure
G ↷ Z free p.m.p. x = (z, y1, … , yn)

Let ri ∶ G → Gvi be the retract on Gvi , i.e.

ri|Gvi
= idGvi

and if j ≠ i then ri(g) = 1 ∀g ∈ Gj.
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IV — Idea of the proof
IV.2 – From the vertices to the product
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h1 ⋅ (z, y1, … , yn) ∶= (c′1(h1, y1) ⋅ z, c′1(h1, y1) ⋅ y1, y2, … , yn) .
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c′(s′i, x) ⋅ x = s′i ⋅ x.

By definition of the action of Hvi

s′i ⋅ x = c′i(s′i, yi)
∈Gvi

⋅ x
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Appendix



Non-quantitative statement

Non-quantitative statement

Theorem. [Horbez-E., ’23+] If

] Γ and Λ are transvection-free graphs with no partial
conjugation;

] and Gv, Hw are f.g. ∀v ∈ Γ, w ∈ Λ;
then,

GΓ ME∼ HΛ;
⇔ GΓ OE∼ HΛ;
⇔ There exists a graph isoM θ ∶ Γ → Λ st.

Gv OE∼ Hθ(v) for all v ∈ VΓ .
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